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Statistical Modeling of the Impact of Underwater Bubbles on an
Optical Wireless Channel
Myoungkeun Shin, Nonmember, Ki-Hong Park, Senior Member, IEEE, and Mohamed-Slim Alouini, Fellow, IEEE
In underwater wireless optical communications (UWOC), the random obstruction of light propagation by air bubbles can cause
fluctuations in the incoming light intensity of a receiver. In this paper, we propose a statistical model for determining the received
power by a receiver in the presence of air bubbles. First, based on real experiments of the behavior of air bubbles underwater,
we propose statistical models for the generation, size, and horizontal distribution of each air bubble. Second, we mathematically
derive the obstruction caused by the shadow of each bubble as it passes over the beam area. We then compute the combined
obstruction of all generated air bubbles to determine the total obstructed power, which is a random variable due to the randomness
of bubble behavior. Next, we find the first and second moments of the total obstructed power to model the statistical distribution
of the obstructed received power by using the method of moments, which shows that the Weibull distribution suitably matches the
simulation data. We also estimate the shape and scale parameters by using two derived moments. Furthermore, we also construct a
statistical model of the received power with complete blockage in the presence of air bubbles and we derive the distribution of the
composite channel model combining the proposed bubble-obstruction model with a Gamma-Gamma turbulence model. Finally, we
obtain and verify the analytic forms of the average bit error rate and the capacity of UWOC systems under this newly proposed
composite channel model.
Index Terms—Underwater wireless optical communications, air bubbles, turbulence, and performance analysis.
I. INTRODUCTION
W IRELESS communications are a crucial componentof several underwater applications such as tactical
surveillance, pollution monitoring, oil control and mainte-
nance, offshore oil explorations, climate change monitoring,
and oceanography research [1]. Wireless underwater commu-
nications can be classified according to their means of com-
munication, i.e., acoustic, radio frequency (RF), and optical.1
Conventional acoustic communications can be transmitted over
long distances, but the data transfer rate is limited to several
kbps/Mbps. RF waves suffer from severe attenuation during
propagation. In contrast, even though underwater wireless op-
tical communication (UWOC) can travel over short distances
up to 100m only, UWOC can transfer information at much
higher data rates, in the order of a Gbps [2].
UWOC is restricted to short transmission distance because
of environmental attenuation factors such as absorption and
scattering. In this context, laser beam propagation can be char-
acterized mathematically in the form of the radiative transfer
equation (RTE) [3], [4], [5] and probabilistically by the Monte-
Carlo simulation [6]. Extensive analytical, numerical and
experimental research has been conducted [7]. However, al-
though turbulence caused by random variations in temperature
and salinity induces the fluctuations in beam power detected
at the receiver, there has been relatively minimal research in
this area. Most studies on underwater turbulence still apply
the existing free-space optical (FSO) channel models such as
lognormal distribution for the atmospheric environment, even
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1Please see some table in more details which compares the pros and cons
of acoustic and optical communications in [1].
though the atmospheric environment is quite different from
the underwater environment.
The presence of air bubbles represents one of the main
differences between the atmospheric and the underwater envi-
ronment. For example, research oceanographer Grant B. Deane
at the University of California, San Diego, calls our attention
to bubbles in oceans. In large bodies of water, air bubbles are
generated when waves break on the shore and sea surface [8].
The presence of bubbles may impact power fluctuations at
the receiver. A recent study developed a statistical model of
underwater turbulence induced by air bubbles based on real
experiments [9], [10]. In those studies, the mixed exponential-
Gamma distribution and exponential-lognormal distributions
were proposed to model the statistics of received power, which
is different from traditional lognormal distribution in the FSO
turbulence model. Experimental results in [9] also showed that
different bubble sizes and beam sizes affect power fluctuation
at the receiver. Unfortunately, the probability that air bubbles
perfectly block the optical propagation towards the receiver
aperture was not considered in that proposed model, even
though the experimental results showed that this situation can
occur [10], [11].
To address this issue, here we newly develop a statistical
model for the fluctuation of received power in UWOC systems
under the randomness of air bubble generation, size and
horizontal distribution. Based on these statistics of air bubbles,
we calculate the expectation and the second moment of the
obstructed received power. Using the method of moments, we
propose a mixture of Weibull distribution and two Dirac delta
functions in which the former represents partial blockage and
the latter complete and no blockage. The main contributions
of this work are as follows;
• Unlike the statistical model developed by experimental
measurements in [9], [10], our proposed statistical model
is purely mathematical and numerically solved by using
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the statistics of the generation, size, and the horizontal
movement of a bubble.
• Our proposed statistical distribution more precisely mod-
els the effect of air bubbles on beam propagation by
taking into consideration the probabilities of complete
blockage and no blockage which are the most striking
features differentiating from the aforementioned models
in [9], [10].
• We provide the closed-form statistics of received signal-
to-noise ratio (SNR) over composite channel model,
which combines the proposed bubble-induced fading
model and a Gamma-Gamma turbulence model.
• Finally, we analyze the ergodic capacity and the average
bit error rate (BER).
The remainder of this paper is organized as follows. In
Section II, we present the setup of the statistical model induced
by air bubbles in underwater optical wireless channels. In
Section III, we first delineate the overall strategy to find the
fitted distribution and we then show the precision of predicted
models compared with simulation data by using the mean-
square-error (MSE) and the R2 tests. In Section IV, we present
the results of the performance analysis of the composite model
and verify its accuracy by comparison with simulation results.
Finally, some concluding remarks are given in Section V.
II. SYSTEM SETUP FOR THE STATISTICAL MODELING
The system setup for our statistical model is based on the
models based on two real experiments discussed in previous
works [9], [11]. We assume the system consists of a water
tank with air bubbles emerging from the holes at the bottom
of the tank. An optical beam is perfectly aligned to the receiver
aperture and propagated from one wall of the tank to the
opposite wall, where the receiver is located. Specifically, we
assume that the optical beam has the following Gaussian
distribution:
h(w, z) =
1
2piσ2
exp
(
− w
2 + z2
2σ2
)
, (1)
where σ = 5 [mm] is the variance related to the beam
waist and (w, z)-coordinate spans the space perpendicular to
the beam propagation. In [9], [11], the diameters of optical
beam and active area at the photodiode at the receiver are
nearly 4 [mm]. The optical beam diameter less than 10 [mm]
in [11, Fig. 7] is shown to be reasonable to investigate the
fluctuation of received power. Therefore, we assume that the
beam aperture at the receiver is circular, and its radius is
r = 5 [mm]. Here, we assume that transmit laser source and
receiver aperture are embedded on the stand with a height
of 10 [cm]. Accordingly, the beam center is assumed to be
located at a height of 0.105 [m] from the bottom of the tank.
We note that this specific value of beam center does not affect
the simulation results since the time duration of generating
air bubbles, which is 10 [sec], is long enough to span all
the air bubbles affecting the received power regardless of a
height of beam center. Fig. 1 illustrates the beam propagation
in the presence of air bubbles around the receiver at (w, z)-
coordinate. We outline the assumptions of the generation rate,
Fig. 1. Example of air bubbles in a single layer rising around an optical beam
on (w, z)-coordinate.
the horizontal movement, and the sizes of bubbles in the
following subsections in more detail.
A. Random Generation of Air Bubbles
We note that we calculate the received power at one time
instant (current). Before that time instant, we assume that each
bubble is generated uniformly within its own specific time
interval, which is related to the blow rate of air bubbles in
the experiment. Every interval has the same length, only one
bubble is generated in each interval, and the intervals do not
overlap with each other. We also assume that the power is only
obstructed by the bubbles that have been generated between
the current time instant and 10 [sec] before that.2 In this sense,
the probability density function (PDF) of the time instant when
generating the bubble in the ith time interval closest to the
current time instant, Ti is given by
fTi(t) =
1
L
, (i− 1)L ≤ t ≤ iL, (2)
where L is the length of an interval. We use four different
lengths for simulation: 1/20, 1/40, 1/80, and 1/160 [sec],
which provide different levels of obstruction of the beam
propagation. The lower L is, the more bubbles are generated
for the given 10 [sec] period.
B. Horizontal Movement of Air Bubbles
For simplicity, we assume only a single layer of bubbles
originate from a single hole at the bottom of the tank, and
the layer is parallel to the wall where the receiver is located.
Although rising bubbles vibrate a bubble jitters a little when
moving upwards, their horizontal movement cannot be consid-
ered as Brownian motion. It is also possible to assume multiple
layers of bubbles by adding multiple independent bubbles in
each interval, but in this paper, we only consider a single layer
of bubbles. Thus, we assume that bubbles only move upwards
and that the bubbles are distributed in a single layer according
2The reason why we only consider 10 [sec] is that the bubbles generated
before 10 [sec] do not cause any significant obstruction. More specifically,
relatively big bubbles travel up the aperture faster due to their faster rising
velocity, while the influence on the obstruction by relatively small bubbles is
minimal.
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to a specific Gaussian distribution. Specifically, as shown in
Fig. 1, the minimum distance of a bubble from the line that
goes through the center of the beam and is perpendicular to
the bottom of the tank is assumed to be a Gaussian random
variable Xi with zero mean and variance σ2x. We assume that
the standard deviation σx = σ is the same as the radius of the
beam aperture, which is 5 [mm]. As the standard deviation
of Xi, 5 [mm] is less than the actual deviations in the real
experiments shown in [11, Fig. 5]. We note that this can
emphasize the effect of the obstruction due to the multiple air
bubbles on light propagation. The distribution of horizontal
distance Xi is given by
fXi(x) =
1√
2piσ2
e−
x2
2σ2 . (3)
C. Vertical Movement of Air Bubbles
Here, we describe the vertical movement of air bubbles to
quantify the vertical distance of a bubble from the center of
the optical beam, which is closely related to the generation
time (explained in Section II.B) and the rising velocity of
an air bubble, which depends on the size-dependent bubble
shape. Moreover, using the upper limit on the area of a bubble
shown in [11, Fig. 5], we assume there the bubble size does
not exceed 0.01 [m]. Accordingly, the distribution of Ri is
represented by
fRi(r;µRi) =
pir
2µRi
2
e
−pir2
4µRi
2
/
q, 0 ≤ r ≤ 0.01, (4)
where q =
∫ 0.01
0
pir
2µRi
2 e
−pir2
4µRi
2
dr is the normalization factor
and µRi is the mean of the radius of bubbles. Here, we
consider four different values of µRi for simulation, i.e., 1.36
[mm], 1.50 [mm], 1.95 [mm], and 2.99 [mm], respectively.
We note that these four specific values are derived from the
mean area of air bubbles in [11, Fig. 5].
The rising velocity of an air bubble changes mainly because
of its diameter and shape. More specifically, the bubble has
three types of shape; sphere, spheroid, and spherical cap [12].
Fig.2 shows how the rising velocity of a bubble changes as
its diameter increases. When a bubble is very small, it is
spherical because the inertial force is small compared to the
viscous force, and its rising velocity increases as it grows
in size because of the dominance of buoyancy. As its size
further increases, the inertial force becomes tangible and the
increasing rate of the rising velocity begins to slow down.
When it becomes even bigger in size, the bubble changes its
shape from sphere to spheroid, and its rising velocity starts
to decrease because the friction becomes tangible. However,
the rising velocity increases again as the ratio of the longer
axis length to the shorter axis length increases. When the
bubble becomes much bigger, the bubble changes its shape
from spheroid to spherical cap. The rising velocity of the
bubble, v [m/s], is given by [12]
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Fig. 2. Rising velocity of a bubble in water [12].
v =

gρRi
2
3µ
, 0 < Ri < 0.08015 [mm]
0.408g
5
6
(
ρ
µ
) 2
3
Ri
3
2 , 0.08015 ≤ Ri < 0.575 [mm]√
1.07ρ
σsRi
+ 1.01gRi, Ri ≥ 0.575 [mm],
(5)
where Ri [m] is the radius of a bubble, ρ is the density of the
liquid medium, σs is the surface tension of the liquid medium,
and g is gravitational acceleration. In order to calculate the
area in aperture obstructed by air bubbles at the specific
vertical position of current time instance, we can determine
the vertical position of air bubble by multiplying the rising
time duration with the rising velocity related to the generated
bubble’s radius. Here we remark that, even though we admit
that it is more realistic to use all possible bubble shapes,
it is highly difficult to calculate the overlapped areas with
spheroid/spherical cap-shaped bubbles. Therefore, we assume
that all bubbles are spherical when it comes to the calculation,
while we use (5) as the rising velocity.
III. PROPOSED STATISTICAL MODEL FOR BUBBLE
OBSTRUCTION
It is very difficult to find the explicit PDF of the obstructed
power due to the air bubbles directly from the statistical
models of bubble behavior. Therefore, we will use the method
of moments, which compares the moments of the derived
statistical model and a well-known distribution, and estimates
the parameters of the distribution so that their moments match
each other [13]. We will go through the following procedures.
1) Let the random variables Bi be the amount of obstructed
power due to the ith bubble and Bi can be expressed as
a function of Xi, Ri, and Ti.
Bi = bi(Xi, Ri, Ti)
= B
(1)
i 1(0,|r−Ri|)(Di)1(0,r)(Ri)
+B
(2)
i 1
(
|r−Ri|,
√
r2−R2i
)(Di)1(0,r)(Ri)
+B
(3)
i 1
(√
r2−R2i ,(r+Ri)
)(Di)1(0,r)(Ri)
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+B
(4)
i 1(0,|r−Ri|)(Di)1(0,Ri)(r)
+B
(5)
i 1
(
|r−Ri|,
√
R2i−r2
)(Di)1(0,Ri)(r)
+B
(6)
i 1
(√
R2i−r2,(r+Ri)
)(Di)1(0,Ri)(r), (6)
where B(j)i (j = 1, 2, · · · , 6) indicates the obstructed
power for the various cases of a bubble’s location with
respect to the beam and Di denotes the distance between
the centers of a bubble and the aperture. The details of
deriving each B(j)i are delineated in Appendix B. Also,
1S(x) is an indicator function that is defined as
1S(x) =
{
1, x ∈ S
0, x /∈ S. (7)
2) Defining the sum of Bi, ∀i, as a random variable B, we
calculate the expectation and the second moment of B.
The formulas are described in detail in Appendix C.
3) We can model the PDF of B as given by
fB(x) = aδ(x) + bfW (x), x ≥ 0, (8)
where δ(x) is the Dirac delta function, a is the prob-
ability of no power obstruction, and and b = 1 − a is
the probability of any power obstruction. fW (x) is the
normalized density distribution of power obstruction for
x > 0, which is modeled as the Weibull distribution given
by
fW (x) =
k
λ
(x
λ
)k−1
e(x/λ)
k
, x ≥ 0, (9)
where λ and k are the scale and shape parameters. With
the first and second moments of B, we estimate the scale
and shape parameters of the Weibull distribution. The
details are described in Appendix D.
4) The power obstructed by air bubbles cannot exceed the
maximum received power onto the beam aperture, i.e.,
m =
∫
A h(w, z) dw dz, where A is the beam aperture
area without any obstruction. Then, we modify the PDF
of B to the following form
fB(x) = aδ(x) + bfW (x) + cδ(x−m), 0 ≤ x ≤ m,
(10)
where c =
∫∞
m
bfW (x)dx indicates the complete obstruc-
tion of the received power.
5) Finally, we can obtain the distribution of the received
power in the presence of air bubble obstruction at the
receiver as
fHb(x) = cδ(x)+bfW (m−x)+aδ(x−m), 0 ≤ x ≤ m.
(11)
A. The Results of the Parameter Estimation in fHb(x)
In Table I, we provide the values of parameters a, b and
c when we use the Gaussian beam that we described in the
previous sections. We also provide the comparison of the
estimated distribution fhb(x) and the simulation data. For
the simulation data, a means the probability of no power
obstruction and c means the complete obstruction.
In all four cases of the bubble generation rate, as the average
radius of the bubbles increases, the chance of power obstruc-
tion increases. Furthermore, as the generation rate increases
with the average increase in the radius, there is increased
chance of power obstruction. When the average of the radius
is 1.35 [mm], and the rate is 20 [1/sec], the probability of
no power obstruction is above 0.42. On the other hand, when
the average of the radius is 2.99 [mm], and the rate is 160
[1/sec], the probability of complete power failure is 0.76. We
can check that the values of the parameters a, b, and c are
very close to simulation data. From the comparison between
our proposed statistical model and simulation data, we can see
the relation between the system parameters considered in our
model and the estimated parameters for blockage on the beam
propagation as in Table II below.
TABLE II
THE TENDENCY OF ESTIMATED PARAMETERS WITH RESPECT TO THE
SYSTEM PARAMETERS
System Parameters
Estimated Parameters
Perfect blockage c No blockage a
Radius of Aperture r (↗) ↘ ↘
Radius of Air Bubble µRi (↗) ↗ ↘
Horizontal Movement σx (↗) ↘ ↗
Bubble Arrival L (↗) ↘ ↗
B. The Results of Fit Tests
In this section, we present the goodness of fit for two tests,
which are the MSE test and the R2 test. The definition of
the MSE test is given by
MSE =
∑N
i=1[Fs(Ii)− F (Ii)]2
N
, (12)
where Fs(Ii) is the value of the accumulated probability
function of the simulation data at certain points Ii and F (Ii)
is the value of the cumulative distribution function (CDF) of
the distribution, fhb(x), at certain points Ii. When it comes to
the goodness of fit of the MSE test, the closer the value is to
0, the better the fit is.
The R2 test metric is defined as
R2 = 1− Se
St
, (13)
where Se =
∑M
i=1(fs,i−fpi)2 and St =
∑M
i=1(fs,i− f¯)2, fs,i
and fp,i are the probability of the simulated data and fhb(x)
at the ith interval, f¯ is the mean of fs,i and M is the number
of the intervals. When it comes to the goodness of fit of the
R2 test, the closer the value is to 1, the better the fit is.
Table I shows the results of goodness of fit tests for our
proposed model. For all cases, the MSE test results are close
to 0 and the R2 test results are close to 1. We note that the
distribution of the received power is the lower bound of actual
received power because we calculate the sum of obstructed
powers between every bubble and the beam area but we neglect
the fact that the bubbles cannot overlap. The discrepancy
between actual distribution and the proposed model increases
as the generation rate and average size of air bubbles increase.
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TABLE I
THE PARAMETERS AND TEST RESULTS FOR BUBBLE GENERATION RATES OF 20, 40, 80 AND 160 [1/SEC]
Distribution Simulation Data Proposed Distribution
Rate [1/sec] Radius [mm]
Parameters Parameters Test Results
c b a c b a k λ MSE R2
20
1.35 0 0.58 0.42 3.28E-6 0.58 0.42 0.935 0.030 3.43E-5 0.997
1.50 5.00E-5 0.60 0.40 1.41E-5 0.60 0.40 0.955 0.036 3.27E-5 0.998
1.95 6.30E-4 0.67 0.33 4.92E-4 0.66 0.34 0.968 0.054 2.50E-5 0.998
2.99 0.02 0.74 0.26 0.01 0.75 0.25 0.983 0.102 1.30E-4 0.996
40
1.35 0 0.82 0.18 2.36E-5 0.82 0.18 1.307 0.044 6.97E-5 0.985
1.50 1.40E-4 0.84 0.16 1.04E-4 0.84 0.16 1.064 0.053 6.61E-5 0.987
1.95 3.40E-3 0.89 0.11 2.80E-3 0.89 0.11 1.110 0.085 3.88E-5 0.990
2.99 0.07 0.94 0.06 0.06 0.94 0.06 1.170 0.172 1.92E-4 0.986
80
1.35 3.90E-4 0.97 0.03 2.16E-4 0.97 0.03 1.290 0.079 5.98E-5 0.944
1.50 1.50E-3 0.97 0.03 1.00E-3 0.98 0.02 1.400 0.097 5.18E-5 0.941
1.95 0.03 0.99 0.01 0.03 0.99 0.01 1.448 0.162 1.79E-5 0.976
2.99 0.29 1 3.80E-3 0.28 1 3.30E-3 1.590 0.343 1.67E-5 1.000
160
1.35 0.01 1 7.50E-4 4.70E-3 1 9.25E-4 1.806 0.160 6.38E-6 0.971
1.50 0.03 1 5.70E-4 0.02 1 5.96E-4 1.892 0.197 1.18E-5 0.978
1.95 0.22 1 1.50E-4 0.22 1 1.27E-4 2.087 0.328 9.0E-5 0.998
2.99 0.77 1 0 0.76 1 1.03E-5 0.231 0.692 4.41E-5 1.000
(a) Radius(µR): 1.35 [mm] (b) Radius(µR): 1.50 [mm] (c) Raduis(µR): 1.95 [mm] (d) Radius(µR): 2.99 [mm]
Fig. 3. The distributions of the four different radii of bubbles when the bubble generation rate is 80 [1/sec]. The areas of first and last peak bars in histogram
of simulated data indicate the probabilities of complete blockage (c) and no blockage (a) which is not drawn for our proposed statistical model.
C. Comparison between Simulation and Statistical Model
Fig. 3 shows how the simulation data and its corresponding
distribution are drawn, specifically for the cases of four differ-
ent bubble radii with a bubble generation speed of 80 [1/sec].
We note in Fig. 3 that the areas of first and last peak bars
in histogram of simulated data converge to the probabilities
of complete blockage (c) and no blockage (a) as the bin size
decreases. For our proposed statistical model, we only draw
the continuous part regarding Weibull distribution.
We can see that the simulation data matches its predicted
distribution. The left tail of each distribution in particular
matches very well, which is very important to predict average
BER. Moreover, we note that the cases with no obstruction
and full obstruction were considered, which were ignored in
the previous work of [9].
IV. PERFORMANCE ANALYSIS
Underwater turbulence due to salinity and temperature
variations can commonly cause a fluctuation in the received
power. To evaluate the performance in UWOC channels in
the presence of air bubbles and underwater turbulence, we
combine the distribution of our proposed bubble obstruction
model with another independent turbulence distribution. We
first derive the composite PDF of received signal-to-noise
ratio (SNR) over air bubble obstruction and Gamma-Gamma
turbulence and analyze the ergodic capacity and average BER.
The received signal can be written as
y = hx+ n, (14)
where x is the transmitted intensity, h is the channel state,
and n is additive white Gaussian noise (AWGN) with zero
mean and variance σ2n. The channel state h consists of three
factors, i.e., h = hlhahb with path loss hl, turbulence ha, and
bubble obstruction hb. These factors are independent of each
other, and hl is deterministic, whereas ha and hb follow the
aforementioned statistical distributions. Here we assume that
the beam is a Gaussian beam perfectly aligned to the receiver
aperture and the turbulence fading distribution is Gamma-
Gamma fading channel for strong turbulence underwater envi-
ronments. We now derive the statistics of received SNR over
composite channel models by combining our proposed bubble
obstruction model with the Gamma-Gamma fading model.
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A. Statistics of Received SNR
We can write the instantaneous received SNR as follows:
γ =
|h|2E[x2]
E[n2]
= |h|2γ¯, (15)
where γ¯ = E[x
2]
E[n2] is defined as average SNR. Since γ¯ and hl
are constant, we first find the CDF of hab = hahb, which is
computed as
FHab(x) = Pr(HaHb ≤ x)
=
∫ ∞
0
FHa
(
x
y
)
fHb(y)dy
=
∫ ∞
0
FHa
(
x
y
)
(cδ(y)+bfW (1−y)+aδ(y−1)) dy
= c+b
∫ 1
0
FHa
(
x
y
)
fW (1−y) dy + aFHa(x), (16)
where we note that m = 1 due to the aver-
age SNR γ¯, and FHa(·) is the CDF of a Gamma-
Gamma distribution whose PDF is given by fHa(x) =
2(αβ)(α+β)/2
Γ(α)Γ(β) x
α+β
2 −1Kα−β
(
2
√
αβx
)
where Kα(x) is the
modified Bessel function of the second kind [14].
Due to the analytical intractability of integration, we use the
Gauss-Legendre quadrature method to approximate the second
term as follows:∫ 1
0
FHa
(
x
y
)
fW (1− y)dy
≈ 1
2
n∑
i=1
wiFHa
(
2x
xi + 1
)
fW
(
1− xi
2
)
, (17)
where wi and xi are the weight and the abscissa, and wi =
2
(1−x2i )[P ′n(xi)]2
with Legendre polynomials Pn(x). Therefore,
FHab(x) ≈ c+
b
2
n∑
i=1
wiFHa
(
2x
xi+1
)
fW
(
1−xi
2
)
+aFHa(x).
(18)
Accordingly, the channel gain h = hlhalb and the received
SNR γ can be computed by change of variables as
FH(x) ≈ c+ b
2
n∑
i=1
wiFHa
(
2x
hl(xi+1)
)
fW
(
1−xi
2
)
+aFHa
(
x
hl
)
(19)
and
Fγ(x) ≈ c+ b
2
n∑
i=1
wiFHa
(
2
√
x
hl
√
γ¯(xi + 1)
)
fW
(
1− xi
2
)
+ aFHa
( √
x
hl
√
γ¯
)
, (20)
respectively. Therefore, the PDF of γ is given by
fγ(x) ≈ c δ(x) + b
2
n∑
i=1
C
(0)
i x
−1/2fHa
(
2
√
x
hl
√
γ¯(xi + 1)
)
+ aC
(0)
0 x
−1/2fHa
( √
x
hl
√
γ¯
)
, (21)
where C(0)i =
wi
hl
√
γ¯(xi+1)
fW
(
1−xi
2
)
and C(0)0 =
1
2hl
√
γ¯
.
B. Ergodic Capacity
The ergodic channel capacity C¯ is defined as C¯ =
E[log2(1 + γ)]. We represent log(1 + γ) as G
1,2
2,2
( 1,1
1,0
∣∣ γ) and
the modified Bessel function of the second kind Kν(x) as
1
2G
2,0
0,2
( −
ν
2 ,− ν2
∣∣∣ x24 ) using Meijer’s G function. [15]
E[log2(1 + γ)] =
∫ ∞
0
log2(1 + γ)fγ(γ) dγ
≈
n∑
i=1
C
(1)
i
∫ ∞
0
γ
α+β
4 −1G 1,22,2
( 1,1
1,0
∣∣ γ)
×G 2,00,2
(
−
α−β
2 ,−α−β2
∣∣∣∣ 2αβhl√γ¯(xi + 1)γ1/2
)
dγ
+C
(1)
0
∫ ∞
0
γ(
α+β
4 −1)G 1,22,2
( 1,1
1,0
∣∣ γ)
×G 2,00,2
(
−
α−β
2 ,−α−β2
∣∣∣∣ αβhl√γ¯ γ1/2
)
dγ, (22)
where C(1)i =
bC
(0)
i
2 log 2
(αβ)(α+β)/2
Γ(α)Γ(β)
(
2
hl
√
γ¯(xi+1)
)α+β
2 −1
and
C
(1)
0 =
aC
(0)
0
log 2
(αβ)(α+β)/2
Γ(α)Γ(β)
(
1
hl
√
γ¯
)α+β
2 −1
. Using [16, Eq. (21)],
we can express the ergodic capacity with Meijer’s G function,
which is given on the top of next page by (23), where
zi =
2αβ
hl
√
γ¯(xi+1)
and z0 = αβhl√γ¯ .
C. Average BER
The average BER is defined as Pb = E[Q(p
√
qγ)], where
Q(·) is the Q-function and p and q are modulation-depending
parameters. Here, we use p = 1 and q = 2 for simulation. We
note that Q(x) = 12 erfc
(
x√
2
)
and erfc(
√
x) can be expressed
as erfc(
√
x) = 1√
pi
G 2,01,2
(
1
0, 12
∣∣∣x) in the form of Meijer’s G
function. [17] Then, we can derive the average BER as
Pb =
∫ ∞
0
Q(p
√
qγ)fγ(γ) dγ
=
1
2
∫ ∞
0
erfc
(
p
√
qγ
2
)
fγ(γ) dγ
≈ c
2
+
n∑
i=1
C
(2)
i
∫ ∞
0
γ
α+β
4 −1G 2,01,2
(
1
0, 12
∣∣∣∣ p2q2 γ
)
×G 2,00,2
(
−
α−β
2 ,−α−β2
∣∣∣∣ 2αβhl√γ¯(xi + 1)γ1/2
)
dγ
+ C
(2)
0
∫ ∞
0
γ
α+β
4 −1G 2,01,2
(
1
0, 12
∣∣∣∣ p2q2 γ
)
×G 2,00,2
(
−
α−β
2 ,−α−β2
∣∣∣∣ αβhl√γ¯ γ1/2
)
dγ, (24)
where C(2)i =
bC
(0)
i
2
√
pi
(αβ)(α+β)/2
Γ(α)Γ(β)
(
2
hl
√
γ¯(xi+1)
)α+β
2 −1
and
C
(2)
0 =
aC
(0)
0√
pi
(αβ)(α+β)/2
Γ(α)Γ(β)
(
1
hl
√
γ¯
)α+β
2 −1
. Using [16, Eq. 21],
we can express the average BER with Meijer’s G function on
the top of next page in (25).
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C¯ ≈
n∑
i=1
C
(1)
i
2pi
G 6,12,6
(
−α+β4 ,1−α+β4
α−β
4 ,
α−β+2
4 ,−α−β4 ,−α−β−24 ,−α+β4 ,−α+β4
∣∣∣∣ zi216
)
+
C
(1)
0
2pi
G 6,12,6
(
−α+β4 ,1−α+β4
α−β
4 ,
α−β+2
4 ,−α−β4 ,−α−β−24 ,−α+β4 ,−α+β4
∣∣∣∣ z0216
)
. (23)
Pb ≈ c
2
+
n∑
i=1
C
(2)
i
4pi
(
p2q
2
)−α+β4
G 4,22,5
(
1−α+β4 , 12−α+β4
α−β
4 ,
α−β+2
4 ,−α−β4 ,−α−β−24 ,−α+β4
∣∣∣∣ zi28p2q
)
+
C
(2)
i
4pi
(
p2q
2
)−α+β4
G 4,22,5
(
1−α+β4 , 12−α+β4
α−β
4 ,
α−β+2
4 ,−α−β4 ,−α−β−24 ,−α+β4
∣∣∣∣ z028p2q
)
. (25)
D. Numerical Results
In this subsection, we validate our analytic results with
comparison to the simulation results. For simulation set-up,
we assume that the path loss for signal attenuation is assumed
to be normal, i.e., hl = 1 without loss of generality and
we use α = 2.21, β = 3.31 for the two parameters of the
Gamma-Gamma distribution from [18].3 The simulated results
are evaluated with random samples of composite channel
gains generated by multiplying our simulation data for air
bubble obstruction with Gamma-Gamma distributed random
realizations. We compare the performance results obtained by
using this PDF with those using the corresponding simulation
data, which are shown in Figs. 4-6. Throughout the figures,
we note that the analytic results derived with our proposed
statistical model fit well with the simulation data.
Fig. 4 presents the results of performance analysis as a
function of mean radius of air bubble. In both sub-figures, we
see that the complete obstruction due to the air bubbles can
significantly degrade both performance metrics. In Fig. 4(a),
we observe that the perfect blockage with the probability value
c will affect the slope of ergodic capacity with respect to SNR,
also known as multiplexing gain or degree of freedom. With
the results of average BER in 4(b), we see that each BER has
an error floor with a value c2 drawn in black color. In other
words, we can see the average BER in (25) converges with c2
as SNR tends to infinity. This implies that when the air bubbles
exist in the path of the UWOC link, they cause a fade in SNR
over time until they start to rise. In that case, the design the
compensation techniques to mitigate the effect of deep fading
by air bubbles is required, e.g., forward error correction (FEC),
automatic repeat request (ARQ), interlearver, etc.
Fig. 5 illustrates the results of both performance metrics
with respect to different bubble generation rates. As the bubble
generation rate increases, the ergodic capacity and average
BER become worse. This is because more bubbles might
probably occur on beam propagation path due to the increased
generation of air bubbles. On other front, we show in Fig. 6 the
effect of system performance for different value of standard
deviation for horizontal movement of air bubbles. We see
3We note that another set of parameters (α, β) for different underwater
turbulence related to the salinity and temperature variation can be found by
using the methods in [19], [20].
that increased horizontal movement can help improving both
performances. When the rising bubbles are more scattered due
to the variation of water flow and pressure, the bubbles might
be spread out over beam aperture in probability and thus the
obstruction can be reduced.
V. CONCLUSION
In this paper, we developed a statistical model describing the
received power obstructed by air bubbles in a UWOC channel.
Our proposed model is based on three random variables: which
are the horizontal movement, the size and the generation of
a bubble. Based on the statistics of those random behavior of
air bubbles, we derived the received power and its moments.
By using the method of moments, we find suitable distribution
fitting the simulation data. We derived the distribution of the
received power as a combination of the well-known Weibull
distribution and two of the Dirac delta functions. We verified
goodness of fit for our proposed statistical model using the
MSE and the R2 tests. Finally, we combined our statistical
model of air bubble obstruction with a Gamma-Gamma turbu-
lence model and analyzed the performance over this composite
channel model. We confirmed that the approximated analytic
results were well matched with the simulation results.
APPENDIX
STATISTICAL MODEL USING METHOD OF MOMENTS
A. Notations
(1) The radius of bubble: Ri
(2) The radius of the receiver aperture: r
(3) The distance between the center of a bubble and the line
that is perpendicular to the bottom of the tank and goes
through the center of the beam: Xi
(4) The time duration until the current time instant of a
bubble generated in the i time interval in the past: Ti
(5) The height of a bubble: Hi = hi(Ti, Ri) = v(Ri)Ti
(6) The distance between the center of a bubble and that of
the beam: Di = di(Xi, Hi) =
√
X2i + (Hi − 0.105)2
(7) The distribution of the Gaussian beam: h(w, z)
(8) The power obstructed by each bubble: Bi =
bi(Xi, Ri, Ti)
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Fig. 4. The results of the performance analysis with respect to different horizontal movement under the given generation rate of 80 [1/sec] and horizontal
movement of σx = 5 [mm] of a bubble.
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Fig. 5. The results of the performance analysis with respect to different bubble generation rate under the given mean radius of µR = 1.50 [mm] and
horizontal movement of σx = 5 [mm] of a bubble.
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Fig. 6. The results of the performance analysis with respect to different horizontal movement under the given mean radius of µR = 1.95 [mm] and generation
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Fig. 7. The six cases of bubbles overlapping the beam aperture.
B. Cases of the Obstructed Power
We can divide the obstructed power into six cases depending
on where the bubble’s location and size with respect to the
beam. Fig.7 presents a pictorial description of each case. We
will derive the six cases separately as follows.
(1) r ≥ Ri, Di ≤ r − Ri: When the bubble is completely
inside the beam area,
B
(1)
i = b
(1)
i (Xi, Ri, Ti)
=
∫ Ri
−Ri
∫ √R2i−w2−Di
−
√
R2i−w2−Di
h(w, z) dz dw. (A.1)
(2) r ≥ Ri, Di > r − Ri, D2i ≤ r2 − R2i : When the bubble
partially overlaps with the beam aperture and one of the
diameters passing through the center of bubble is entirely
contained in the aperture,
B
(2)
i = b
(2)
i (Xi, Ri, Ti)
=
∫ Ri
−Ri
∫ √R2i−w2−Di
−
√
R2i−w2−Di
h(w, z) dz dw
−
∫ √r2−R2i−r2−D2i2Di
−
√
r2−R
2
i
−r2−D2
i
2Di
∫ −√r2−w2
−
√
R2i−w2−Di
h(w, z) dz dw.
(A.2)
(3) r ≥ Ri, D2i > r2 − R2i , Di ≤ r + Ri: When the bubble
partially overlaps with the beam aperture and no diameter
of the bubble is contained in the aperture,
B
(3)
i = b
(3)
i (Xi, Ri, Ti)
=
∫ √r2−R2i−r2−D2i2Di
−
√
r2−R
2
i
−r2−D2
i
2Di
∫ √R2i−w2−Di
−√r2−w2
h(w, z) dz dw.
(A.3)
(4) r < Ri, Di ≤ Ri − r : When the beam aperture is
completely inside the bubble area,
B
(4)
i = b
(4)
i (Xi, Ri, Ti)
=
∫ r
−r
∫ √r2−w2
−√r2−w2
h(w, z) dz dw , m. (A.4)
(5) r < Ri, Di > Ri − r, D2i ≤ R2i − r2: When the bubble
partially overlaps with the beam aperture and one of the
diameters of the beam aperture is entirely contained in
the bubble,
B
(5)
i = b
(5)
i (Xi, Ri, Ti)
=
∫ r
−r
∫ √r2−w2
−√r2−w2
h(w, z) dz dw
−
∫ −√r2−R2i−r2−D2i2Di√
r2−R
2
i
−r2−D2
i
2Di
∫ √r2−w2
√
R2i−w2−Di
h(w, z) dz dw.
(A.5)
(6) r < Ri, D2i > R
2
i − r2, Di ≤ r + Ri: when the bubble
overlaps with the beam aperture and no diameter of the
beam aperture is contained in the bubble,
B
(6)
i = b
(6)
i (Xi, Ri, Ti)
=
∫ √r2−R2i−r2−D2i2Di
−
√
r2−R
2
i
−r2−D2
i
2Di
∫ √r2−w2−Di
−√r2−w2
h(w, z) dz dw.
(A.6)
C. Calculations of Moments for Totally Obstructed Power
B
(1) The first moment of B
The expectation of the ith bubble is given on the top of
next page by (A.7). We note that fXi(x), fRi(r), and
fTi(t) are the distributions of horizontal movement Xi,
radius Ri, and generation time Ti, of air bubble, respec-
tively, which are given in Section II. The expectation of
the sum of the obstructed power by the 10/L bubbles,
which are all the generated bubbles during the overall
time duration of 10 [sec] at a generation rate 1/L, is
given by
E[B] =
10/L∑
i=1
E[Bi]. (A.8)
(2) The second moment of B
The second moment the ith bubble is given on the top of
next page by (A.9). The second moment of the sum of
the obstructed power is represented as
E[B2] =
10/L∑
i=1
E
[
Bi
2
]
+ 2
10/L∑
i=1
10/L∑
j=1
E[Bi]E[Bj ]. (A.10)
D. Parameter Estimation
To begin, we assume the distribution of the power obstructed
by air bubbles follows the form of aδ(x) + bf(x) (x ≥ 0),
where f(x) can be determined by any suitable density func-
tion. Here, a is the probability of no power obstruction, i.e.,
no bubble obstructs the power. The probability of each bubble
not obstructing the power can be calculated as∫ iL
(i−1)L
∫ 0.01
0
∫ ∞
−∞
1( r+Ri,∞)(Di) dxfRi(ri) drifTi(t)dti
(A.11)
Therefore, a is given on the top of next page by (A.12). We
note that b = 1− a, because ∫∞
0
aδ(x) + bf(x) dx = 1.
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E[Bi] =
∫ iL
(i−1)L
[∫ 0.01
0
[∫ ∞
−∞
bi(xi, ri, ti)fXi(xi) dxi
]
fRi(ri) dri
]
fTi(ti) dti. (A.7)
E[Bi2] =
∫ iL
(i−1)L
[∫ 0.01
0
[∫ ∞
−∞
bi
2(xi, ri, ti)fXi(xi) dxi
]
fRi(ri) dri
]
fTi(ti) dti. (A.9)
a =
10/L∏
i=1
∫ iL
(i−1)L
[∫ 0.01
0
[∫ ∞
−∞
1( r+Ri,∞)(Di) dx
]
fRi(ri) dri
]
fTi(ti) dti. (A.12)
Based on the observation of right tail distribution from sim-
ulation data, we now model f(x) as the Weibull distribution,
which is represented as
f(x) = fW (x) =
{
k
λ
(x
λ
)k−1
e(x/λ)
k
, x ≥ 0,
0, x < 0.
(A.13)
Here, we have two parameters k and λ to estimate. The
expectation and the second moment of the distribution aδ(x)+
bfW (x) are bλΓ
(
1 + 1k
)
and bλ2Γ
(
1 + 2k
)
, respectively. Let-
ting E[B] = bλΓ
(
1 + 1k
)
and E[B2] = bλ2Γ
(
1 + 2k
)
, we
obtain k by solving the following equation.
E2[B]Γ
(
1 +
2
k
)
= bE[B2]Γ2
(
1 +
1
k
)
. (A.14)
Then, λ can be obtained by solving one of two moments with
the obtained k.
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